the Ph.D. thesis by B.L.Fine (see [4] , the Chicago University, 1992). It is not clearly written there, but the used methods and obtained results can be only applied for G-CW-spaces of finite G-type and finitely Gconnected (i.e. all its fixed point subspaces own a finite number of components). Namely, the category 0(G,X) is infinite in general, even for a G-GW-space X of finite G-type. Put k-Mod' (resp. A:-Mod) for the category of ^-modules (resp. finitely generated) over a field k. It does not arise from this thesis if the category of functors 0(G^X) -> fc-Mod" or 0(G,X) -> A;-Mod is considered. However, none of them is appropriate to be applied for any (even of finite G-type) G-GTV-space. In the category of functors 0(G,X) -^ k-Mod-^ sufficiently many injective objects do not exist. Moreover, in the category of functors 0(G,X) -> A;-Mod the tensor product of two injective objects is not injective. These two properties are crucial to make further steps in the Ph. D. thesis by B.L. Fine for studies of (even of finite G-type) G-GTV-spaces.
Here is a brief summary of the paper. In Section 1 we investigate the category H-Mod of covariant functors on a small category I to the category of /c-modules over a field k. This approach is inspired by a category of functors on categories related to the orbit category 0(G) determined by a finite group G. For simplicity we replace these categories by an £7-category I {i.e. a small category such that all endomorphisms are isomorphisms). We introduce basic notions and present some prerequisites about injective objects in the category H-Mod.
Unfortunately, injective H-modules are not preserved by tensor product. Therefore, we move to the category of functors from an Elcategory 1 to the very useful but rather neglected category k-Mod° of linearly compact ^-modules considered already by Lefschetz in [10] . We recall the basic terminology in the category fc-Mod°, define complete tensor product and prove Proposition 1.4 on its behaviour on linearly compact -modules. Then complete tensor and symmetric powers are defined in the category of graded linearly compact H-modules and some of their properties are stated in Remark 1.6.
In Section 2 we extend our previous investigations on the category 1-DGAk of functors from an EJ-category I to the category DGAk of differential graded algebras over a field k. For a complete injective (as a H-module) H-algebra A and a complete H-module M we consider its cohomologies ft* (A), H*{A^M) and a convergent spectral sequence E^ = Ext^M, H^A)) =^ H^^A, M)
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which is a crucial tool in the sequel.
Then, we generalize the results of [13] and present an existence of an injective minimal model for a complete injective kl-algebra A^ for an EIcategory I. The above spectral sequence plays a key role in a construction of this model and for this reason the injectivity of A (as a H-module) is necessary. On the other hand, by [8] for any complete H-algebra A there exists a complete injective H-algebra Q(A) and a natural cohomology isomorphism A -^ Q(A). First, we show in Propositions 2.3 and 2.4 that injective minimal kl-algebras behave (up to homotopy) as cofibrant ones. Then we prove in Theorem 2.8 an existence and uniqueness of an injective minimal model A^^ of a complete injective kl-algebra A.
Our object in Section 3 is to apply the results assembled in the previous sections to the category G-SS of G-simplicial sets, where G is a finite group. We show in Proposition 3.3 that on the de Rham algebra A^ of rational polynomial forms on a simplicial set X there is a natural complete linear topology. Next we observe that much of algebraic-topological information on a G-simplicial set X is encoded in the cofinite ^-category 0(G, X) with one object for each component of each fixed point simplicial subset X^, for all subgroups H C G.
With any G-simplicial set X, we associate the de Rham Q(9(G,X)-algebra A^^ where Q is the field of rationals; its injectivity was presented in [6] . We show in Lemma 3.6 that the category of injective linearly compact kO{G^ X)-modules is closed with respect to the complete tensor product and deduce in Theorem 3.7 an existence of an injective minimal model for the de Rham QO(G,X)-algebra Ay of a G-simplicial set X. Finally, we state Theorem 3.11 as the main result and describe the rational homotopy type of a nilpotent G-simplicial set X by means of injective minimal model of the de Rham algebra A^.
The author wishes to express his indebtedness to Professor S. Balcerzyk for carefully reading the manuscript and very useful discussions. He is also grateful to the referee for helpful suggestions.
Injective modules over a category.
Let A; be a field. The category of (left) ^-modules is denoted by A;-Mod. If I is a small category then a covariant functor I -> A;-Mod is called a left kl-module and the functor category of left kl-modules is denoted by H-Mod, and called the category of left H-modules. We also have the category of contravariant functors I -^ fc-Mod, alias right kl-modules and denoted by Mod-H.
The notions submodule, quotient module, kernel, image and cokernel for H-modules are defined object-wise. For each object I c Ob(I) we have the right H-module H(-,J):I->k-Mod determined by the Yoneda functor I(-, I) and similarly, the left H-module H(J,-). Protective and injective H-modules are defined by usual lifting properties. Observe that the category of projective right H-modules is isomorphic to the category of all injectives in the category of all covariant functors from 1 to the category A^-Mod 013 dual to A;-Mod.
In various categories considered in algebraic topology endomorphisms are isomorphisms. Therefore, let I be an El-category, which by definition, is a small category in which each endomorphism is an isomorphism. Following [II], we define a partial order (which is crucial for the sequel) on the set Is(I) of isomorphism classes 7 of objects I e Ob(I) by
This induces a partial ordering on the set Is(I) of isomorphism classes of objects, since the ^J-property ensures that I < J and J < I implies I = J. We write that I < J if I < J and I ^ J. 
This functor sends N to Hom^j] (H(-, J), N).
It is easy to observe that the category H-Mod has sufficiently many injectives. Hereafter, we assume that I is an E'J-category with the filtration 0 = To C Ti C • • • C Tm = Is(I) such that
Injective /el-modules for such a category I have been analysed in [6] . It turns out that they can be constructed from injective modules over group rings. There is another interesting link between linearly compact /^-modules and discrete ^-modules. Remark 1.2 (see [10] ). -For a ^-module M any two of the following properties imply the third:
(1) M is discrete; Put Q = {Qi}z>o for a graded linearly compact left H-module. Then for any I G Ob (I) we get a graded linearly compact left /^-module Q(7) = {Qi(I)}i>o and let \q\ = i for q € Qi{I). For n > 0, by means of associativity of the complete tensor product 0, we can define graded linearly compact left H-modules ^Q and S n Q (called the nth tensor and symmetric power\ respectively) as follows: (1) is the homogeneous A;-submodule of (r^)^) generated by elements
for qk € Qiq^(I) and k = l,...,n. Then the natural canonical map 7^:7^0(7) -^ ^0 ( 
Algebras over a category and their injective minimal models.
Let DGAk be the category of homologically connected commutative differential graded ^-algebras (or simply /c-algebras). We briefly recall some constructions presented in [9] . For a given map 7:B -^ E in DGAkŵ here B is augmented, Halperin [9] considers its "minimal factorization". Namely, he generalizes the notion of a minimal fc-algebra (cf. [12] ) to a minimal KS-extension given by a sequence of augmented /c-algebras
where A is free as a graded commutative A;-algebra generated by some graded A;-module M = {Mi}i>o. If MQ = 0 then the extension E is called positive. Next in [9] , it is shown that for any map 7: B ->• E of connected A:-algebras, where B is augmented there is a unique (up to isomorphism) minimal J^5'-extension
E'.B-^C -^ A
and a homology isomorphism p: C -> E such that p o i = 7.
The extension E together with the map p: C -> E is called a KSminimal model for 7. In particular, for a A;-algebra A and the canonical map k -> A one gets a minimal algebra MA together with a homology isomorphism PA ' -MA -> A called the minimal model for A.
An object A = {A^nX) in DGAjc is called complete if Let I be an E'7-category and kl-DGAk the category of all covariant functors from I to DGAk called kl-algebras (or simply systems of kalgebras). We say that a H-algebra A is complete (resp. linearly compact) if the algebras A(I) are complete (resp. linearly compact) for all I € Ob(I) and A is injective if the left H-modules A 71 are injective for n > 0, where A 71^) = {AW for all I e Ob(I).
For any complete injective (as a H-module) H-algebra A and a complete left H-module M we consider two types of cohomology of A.
(1) The H-module ff n (^) such that ^{A)^) = ^(.4 (7)) for I G Ob(I) and n > 0. ) if M is projective. This spectral sequence is an essential tool in our further investigations. Proof. -If -H^/) is an isomorphism for n > 0 then from the above spectral sequence it follows that -H^/, M) is an isomorphism as well for n > 0.
Let now ^(^M) be an isomorphism for any H-module M and n > 0. For a fixed object I € Ob(I) consider a H-module MI such that Mi(J) = H(J,J). Then ^{Mi.A) = ^(.4 (7) 
for ai e A^1, 02 € A^ and n > 0 .
Throughout, I is a cofinite El-category (each isomorphism class 7 has only finitely many predecessors). For any I € Ob(I) we define its height as the number of its predecessors.
Hereafter, we assume that all H-algebras A are homologically connected, i.e. satisfy H°(A) = fc, where k is the constant H-module determined by a field k of characteristic zero. To define an injective minimal model of A we need to remind the following result presented in [8] and generalizing [5] .
THEOREM 2.2. -If Us an El-category such that k[I} is a semisimple ring for all I € ob(l) and there is a filtration
0 = To C Ti C . • • C Tm = Is(l)
satisfying (-k) then for any complete kl-algebra A there is a complete and injective (as a kl-module) kl-algebra Q(A) and a natural inclusion i^'. A-f Q(A) which is a cohomology isomorphism.
If k is the constant H-algebra determined by a field k then k is not in general injective as H-module. But for any H-algebra A (injective as a H-module) there is a map Q(k) -^ A of I-algebras extending the canonical inclusion k -^ A as it follows from a more general fact. We shall show that %-minimal H-algebras play the same role in the category of nilpotent complete H-algebras as minimal algebras in the category of nilpotent A;-algebras.
PROPOSITION 2.4. -Let 1 be an El-category satisfying (^). If a map f : M -^ At of i-minimal kl-algebras induces an isomorphism on cohomology then f is an isomorphism.
For the proof, we proceed by induction over the filtration of Is(I) and mimic the proof of Theorem 5.2 in [13] . For the surjectivity of /, we make use of the structure of injective H-modules considered in [6] . D
The following properties of z-minimal H-algebras are completely analogous to the nonequivariant ones (see e.g., [1] and cf. [13] ). 
-Let 1 be an El-category satisfying (^r) and A and B complete kl-algebras and T : M -> Z^^A a kl-map. IfB is injective {as a kl-module) and complete and (/) : M ->• B 71 a map of kl-modules then for a map f : A -^ B of kl-algebras such that d<^(m) = fr(m) for m CM, where d is the differential on B then there exists a map f : A(M) -> B extending f and (f).
Proof. -Let 
. determine a map /: A(M) -^ B of Halgebras extending / and </). D THEOREM 2.8. -Let 1 be an El-category satisfying (*). If A is a nilpotenty injective (as a kl-module) and complete kl-algebra with linearly compact cohomology and the category of injective linearly compact klmodules is closed with respect to the complete tensor product 0 then there exist an i-minimal kl-algebra M^ and a cohomology isomorphism p : M^ -^ A.
Proof. -We proceed inductively on degree and construct A4^ as the increasing union of z-minimal H-algebras M^\n^) for n > 0 and i > -1, where
e>o with a map p{n)\M^\n} -> A which is a cohomology isomorphism in degree <: n and a cohomology monomorphism in degree n + 1.
Begin with M^^O) = Q(k) and the based map /?(0) :A^(^)(0) -^ A Assume we have an ^-minimal fcl-algebra M^\n -1) and a map p(n-V)'.M^(n-l) -^A
which is a cohomology isomorphism in degree < n -1 and a monomorphism in degree n. We consider
M^cokerJT^n-l))
and show (as in [13] by comparing some spectral sequences) an existence of maps r^n -1): M^ -^ Z^M^^n -1) and p'(n -1): M^ -> A 71 . Then, by Lemma 2.7 there exists a map p(n^T): M^ (n -1)(7<) -A extending p{n -1) and p'(n -1) and inducing a cohomology isomorphism in degree < n.
Now let
M^ = kerff^^rT^L)).
We study again a relation between some spectral sequences to find maps
r"{n -1): M^ -^ Z^M(n -1)(M^) and
By Lemma 2.7 there is a map
)(M^)(M^) -A extending p(n -1) and p"(n -1). Of course, the extension
M^{n-l)WM
may cause p{n -1,0) to be not monomorphic in degree n + 1. If now one repeats the construction countably many times and takes the increasing union of these extensions then the resulting kl-algebra M^\n) will be z-minimal and by nilpotency of A the map p(n): M^\n) -> A induced by the maps p(n -l,-^): M^^n -1,^) -> A at each stage will be a cohomology isomorphism in degree < n and a monomorphism in degree n + 1, as desired. D Remark 2.9. -Let A be any complete H-algebra with linearly compact cohomology and Q(A) the associated componentwise injective klalgebra determined by Theorem 2.2. Then, by the above theorem there is an z-minimal kl-algebra M.^ and a cohomology isomorphism p: A4^ -> Q(A) and M.^ is called the i-minimal model of A.
Applications to rational homotopy theory.
For the field of rationals Q let DGAq be the category of commutative graded differential Q-algebras. Given a simplicial set X one can form a Q-algebra A^ by taking collections of Q-polynomial forms on each simplex (sums of terms of type o^o? • • • 5 tn} d^i A ... A dt^, where uj(to,..., tn) is a Q-polynomial) that agree when restricted to common faces (see [1] for more details). We prove below that A^ admits a natural linearly complete topology.
Let F: SS 015 -> k-Mod be a contravariant functor from the category SS of simplicial sets to that of fc-modules, where A: is a field. For a simplicial set X we define a natural topology on F(X) as follows: for any map
submodules ker(F(x): F(X) -^ ^(A(^)), where A(^) is thê -simplex form a fundamental system of neighborhoods of zero in F(X).
From the definition easily follows LEMMA 3.1.
(
1) For any simplicial map x : A(^) ->• X the induced map F(x) : F(X) -^ ^(A(^)) is continuous. (2) If M is linearly topological k-module then a map f : M -> F{X) of k-modules is continuous if and only if for any simplicial map x : A(-^) -^ X the composition F(x)f : M ->• F(A(^)) is continuous.
From this one can deduce COROLLARY 3.2.
(1) If f : X -> V is a simplicial map then the induced map F(f) : F(Y) -^ F{X) is continuous. (2) If F, G : SS 015 -> k-Mod are contravariant functors and ^ : F -^ G is a natural transformation then for any simplicial set X the map (X) : F(X) ->• G(X) is continuous (with respect to the natural topology).
In particular, for k = Q we get a natural topology on the Q-module A^ of n-forms on a simplicial set X for n > 0. of A^ and A^, respectively. Then, the image of £/i x A^ and A^ x Ub y the multiplication map of differential forms is contained in V, so it is uniformly continuous.
(3) The differential d^ is natural with respect to X, hence it is continuous by Lemma 3.1. D Let now Cn(X, Q) be the discrete Q-module ofn-chains on a simplicial set X with the coefficients in the field of rationals Q for n > 0. Then on the Q-module C^X.Q) of n-cochains, for n > 0 there is a linearly compact topology considered in Section 1 which is the same as the natural one. In particular, it follows that the induced topology on the cohomology groups ^(X.Q) is linearly compact for n > 0 and the dual Q-module (^(X, Q))* is isomorphic to the nth homology group Hn(X, Q) for n > 0. On the other hand the map given by the integration of forms is a natural transformation, so it is continuous by Corollary 3.2. Therefore, by the de Rham theorem (see [1] ) the induced map on cohomologŷ^:
is a continuous isomorphism for all n > 0.
Let now X be a G-simplicial set with G a finite group. Much of the algebraic-topological information about X is encoded in the form of functors from the category 0(G,X) which may be strictly described as follows:
• The set ObO(G, X) of objects consists of pairs (G/H, a) , with H a subgroup of G and a a connected component of the fixed point subset X 11 (z.e.ae7ro(X^)). of morphisms, hence we may identify both of them in our further investigations. Moreover <9(G,X) is a cofinite -EJ-category and for the isomorphism class a of its object a there is the largest number d(a) = n such that there is a sequence a = a\ < ' ' ' < a^. The group G is finite, therefore for the set of isomorphism classes IsO(G,X) we can define a filtration For a G-simplicial set X let A^ be a QO(G, X)-algebra defined by
A^(G/H,a)=A^
and the maps on forms are those induced by the action of G on the connected components of the fixed point simplicial subsets. In [6] we proved that Ay is an injective and complete as a QC^G, X)-module.
Denote by C*(X, Q) the right Q(9(G, X)-module defined bŷ (X,Q)(G/^a)=G* (Xf,Q) for (G/H,a) e Ob(0 (G,X) ), where the latter stands for the ordinary chain complex of X^ with coefficients in Q. Then we get the induced right QO(G, X)-module Hn{X, Q) such that
H^X^)(G/H^a)=Hn(X^Q)
for {G/H, a) C Ob(0(G, X)) and n > 0.
be a diagram of right QO(G, X)-modules with an exact row and 0 to be constructed. Let X' C X be a subset containing exactly one element from each orbit of G in X. Given x' G X', consider x' as an element of G,ic (Xa a;/ , Q) for some component a € ^(X^), where G^i is the isotropy subgroup of x'. Define 0(G/G^,a)(x f ) e M(G/Ga;/,a) to be any element with^(
Extend 0 to the whole orbit by 0{gx') = g^O^x') for g e G, wherê =M{g:{G/G^^ga) -. (G/G^a)).
If now x e G^(X^,Q) represents one of generators then x is an element of X^' C X^ and H C Gx. Hence we get a map (f): {G/H, /?) ^ (G/G^, a). Thus x = G*(X, Q)(0)(^) and we define
0(G/H^)(x) = MW0(G/G^a)(x).
D and we consider two types of cohomology of X (resp. A^).
(1) The Q(9(G,X)-module ^(X.Q) (resp. fT^)) such that
for (G/^ a) € ObO(G, X) and n > 0.
(2) The cohomology H^(X,M) = ^^n(%(X,M)) with coefficients in a right QO(G, X)-module M (resp. ^(A^.N) with coefficients in a linearly complete left QO(G, X)-module N) for n > 0.
Standard homological algebra arguments yield a spectral sequence (see [2] )
Notice that the projectivity of G*(X,Q) (resp. injectivity of A^ as an QO(G, X)-module) implies the convergence of the spectral sequence. for (G/H,a) € ObO(G,X) with the linearly compact topology on each M"{G/H,a). Taking these facts into account we got in [7] the following equivariant de Rham Theorem (c/. [13] ).
THEOREM 3.5. -IfX is a G-simplicial set and M a right QO(G, X)-module then there is an isomorphism HS(X,M)^H n {A^,M^ foralln^O.
A G-simplicial set X is called nilpotent if simplicial subsets Xâ re nilpotent for all subgroups H C G and a C ^(X^). Therefore, the associated Q-algebra A^ is nilpotent for a nilpotent G-simplicial set X. For a nilpotent G-simplicial set X the QO(G, X)-algebra Ay is complete by Proposition 3.3 and injective by [6] . Hence, Theorem 2.8 yields
is a nilpotent G-simplicial set then there is an i-minimal QO(G,X) -algebra M^ {called the i-minimal model of X) and a homology isomorphism px ' . M^ -> A^.
We present now examples of z-minimal models of some G-simplicial sets. Let Mn be a left QO(G)-module and n > 2. Then by [2] , [3] there is an Eilenberg-Mac Lane G-simplicial set K(Mn,n) of type (Mn,n). Let To relate the homotopy groups of a nilpotent G-simplicial set X and its z-minimal model MX we need another index category 0'(G, X) defined as follows: for n > 1, a subgroup H C G and a: e X^. Because of the functoriality of the lower central series of a group we can define inductively functors r,7r,(X):0'(G,X)-Gp to the category of groups Gp for all t > 0 such that To^n^X) = 7r^(X) and for a given r^TTn(X) let r^i7Tn(X)(G/^) = {x -ax', x e r^(X)(G/^,.r), a e 7Ti(X^^)}.
Then we obtain a decreasing filtration for n ^ 1 and ^ >, 0 with the trivial action of 7Ti(X) on r^7rn(X)/r^+i7Tyi(X). Of course, if X is a nilpotent G-simplicial set then r^7Tn(X) = 0 for some £ >_ 0. The Postnikov tower of a nilpotent G-simplicial set X has the following properties (c/. [15] for a connected case). We say that a G-simplicial set X is rational if the homotopy groups Tr^X 11^) are 0-local for any subgroup H C G, x e X 11 and n ^ 1. Of course, for n > 2 this means that ^n^X 11 \x) are Q-modules, where Q is the field of rationals. From [13] it follows that for any G-simplicial set X there is a rational G-simplicial set XQ and a G-map /: X -> XQ with some universal property. But for nilpotent G-simplicial sets holds (c/. [15] for a connected case) Proof. -The assertions of (1) and (2) follow from the equivariant de Rham Theorem 3.5. In virtue of (4), (5) and Theorem 3.10 there are isomorphismŝ^( X^-.i.r^+ipO 0Q/r^+i7rn+i(X) ^Q)
H^^M^^Mn^)
Hom(M,+l^ff n + 2 (^^ ^)).
Thus (6) is straightforward.
We mimic [13] to sketch a proof of the remaining parts for G-simplicial sets X such that 7Ti(X) = 0, for the sake of ease of notation and clarity of exposition. The modifications required for the nilpotent case should at this point be clear. We use the notations Xn and M.xW to denote the nth stage of the Postnikov tower of X and of the ^-minimal model M.^ of X, respectively for all n > 0. These assertions are obvious for Mx(0} = n(Q). Assume by induction that they are true for M.x{^ -1) and Xn-i. By Theorem 2.8 there are isomorphisms The resulting map gn is a (based) isomorphism on cohomology up to degree n, hence in all degrees because of the structure ofQ(9(G, X)-algebras in question. Therefore, gn is an isomorphism by Proposition 2.4, since both QO(G, X)-algebras Mxrz and Mx(n) are z-minimal. D
MAREK GOLASINSKI
The last result contains the following proposition. We refer to Remark 3.8, for the zero step in the inductive proof of its second part. Moreover, let Zyi be the cyclic group of order n and X a Hopf Zp/csimplicial set. Then, mimic the methods in presented [14] , one may deduce that the Q-localization XQ of the simplicial set X is Zp/c-equivalent to a product of Eilenberg-Mac Lane Zp/c-simplicial sets, without any restrictions on the G-connectivity as well as G-finite type of X.
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